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ABSTRACT 
The performance of a wheelchair system is a function of user anatomy, including arm 
segment lengths and muscle parameters, and wheelchair geometry, in particular, seat position 
relative to the wheel hub. To quantify performance, researchers have proposed a number of 
predictive models. In particular, the model proposed by Richter is extremely useful for 
providing initial analysis as it is simple to apply and provides insight into the peak and 
transient joint torques required to achieve a given angular velocity. The work presented in 
this paper identifies and corrects a critical error; specifically that the Richter model 
incorrectly predicts that shoulder torque is due to an anteflexing muscle moment. This 
identified error was confirmed analytically, graphically and numerically. The authors have 
developed a corrected, fundamental model which identifies that the shoulder anteflexes only 
in the first half of the push phase and retroflexes in the second half. The fundamental model 
has been extended by the authors to obtain novel data on joint and net power as a function of 
push progress. These outcomes indicate that shoulder power is positive in the first half of the 
push phase (concentrically contracting anteflexors) and negative in the second half 
(eccentrically contracting retroflexors). As the eccentric contraction introduces adverse 
negative power, these considerations are essential when optimising wheelchair design in 
terms of the user’s musculoskeletal system. The proposed fundamental model was applied to 
assess the effect of vertical seat position on joint torques and power.  Increasing the seat 
height increases the peak positive (concentric) shoulder and elbow torques while reducing the 
associated (eccentric) peak negative torque. Furthermore, the transition from positive to 
negative shoulder torque (as well as from positive to negative power) occurs later in the push 
phase with increasing seat height. These outcomes will aid in the optimisation of manual 
wheelchair propulsion biomechanics by minimising adverse negative muscle power, and 
allow joint torques to be manipulated as required to minimise injury or aid in rehabilitation.  
 
Keywords: Wheelchair propulsion biomechanics, optimisation, human-machine interface, 
biomechanical modelling 
 
Nomenclature 
θ  angular position of a limb segment 
θc  contact angle 
θr  release angle 
θe  elbow angle 
θs  shoulder angle 
θei  initial elbow angle 
θsi  initial shoulder angle 
θw  wheel angle 
θi  intermediate angle (between shoulder reference line and a)  
θhs  angle of the shoulder to the wheel hub 
θf pushrim force vector angle 
ω angular velocity of limb segment 
ωw angular velocity of wheel 
a  distance from hand to shoulder  
Lua  upper-arm length 
Lfa  forearm length 
RHR  pushrim radius 
LHS  distance from wheel hub to shoulder 
PP push progress (%) 
F  pushrim force magnitude  
Fr  radial pushrim force 
Ft  tangential pushrim force 
Fm muscle force 
Ts quasi-static torque applied to the shoulder 
Te  quasi-static torque applied to the elbow 
v muscle fibre velocity (shortening or stretching) 
 
1. Introduction 
The manual wheelchair is a core enabling technology which provides opportunities for 
rehabilitation, mobility and athletic competition. Distinct wheelchair types have been 
developed in response to these specific use-scenarios. For example: rehabilitation 
wheelchairs are intended for short-term use, and provide a reasonable level of comfort and 
efficiency while accommodating the anatomy of a range of potential users; mobility 
wheelchairs are used by a specific individual, with the objective of maximising comfort and 
efficiency while meeting the constraints of everyday use; competition wheelchairs are 
designed to maximise athletic performance in specific sports such as rugby, tennis, track 
racing, or basketball.  
 
For a given set of user attributes, the performance of a wheelchair and user may be defined by 
various parameters, including: energy efficiency, maximum speed, joint torques, joint power 
and net power. The consequences of non-optimal design are an increased potential for injury, 
or compromised physical performance. Design optimisation is achieved by either 
experimental or theoretical methods, or a combined approach.  
 
The interaction between user and wheelchair is highly complex. Much of this complexity is 
due to the individual biomechanical attributes of a specific user. For example, experimental 
observation by the authors identified various propulsion patterns for different users, and 
variation in use patterns for individual users (Figure 1). Observational studies indicate 
significant variability in the biomechanics of different users under differing scenarios. 
Influential factors include [1-6]: whether the activity is athletic or mobility, and the specific 
user disability. Furthermore, propulsion patterns may be time dependant, for example, an 
athlete may temporarily employ a single handed propulsion technique to allow muscle 
recovery of the resting arm.  
      
 
      
Figure 1. Sample observations of push pattern and variation with time (rugby athlete on 
ergometer). Dashed line indicates contact with wheel. 
Nomenclature: contact point (C), release point (R).  
Left: Contact angle. Right: Release angle.  
Upper: Push pattern of rested user. Lower: Push pattern of fatigued user.  
C 
R 
C 
R 
These complexities may be accommodated by physical testing of a user in a specific scenario. 
Experimental testing enables performance attributes to be accurately acquired for a specific 
scenario, for example [4,7,8,9,10,11,13,14,15,16]. Despite these advantages, experimental 
studies are subject to technical limitations in data acquisition, and are relatively time 
consuming and expensive to implement. The outcomes of experimental analysis are 
fundamentally limited in providing insight into the performance for alternate scenarios and do 
not provide a platform for the optimisation of a particular scenario.  
 
Theoretical models provide a low cost method of simulating a physical scenario. This 
approach enables the rapid analysis of disparate scenarios and provides an important 
opportunity for the optimisation of wheelchair systems. Theoretical analysis is typically 
based on a parametric model of the wheelchair and user biomechanics. Once the model is 
established, iterative analysis can be automated to assess an extensive range of feasible 
parameters. This provides a significant opportunity to explore alternate design scenarios and 
to optimise performance for a particular use-scenario.  
 
Unlike experimental analysis, theoretical modelling does not directly accommodate the 
complexities of user biomechanics. Modelling error occurs if the theoretical model does not 
represent the associated biomechanics with sufficient accuracy. In addition, the available data 
on user attributes are limited, and various assumptions are made to overcome this limitation. 
A series of theoretical models have been proposed in the literature, all of which result in 
some compromise between complexity and accuracy.  
 
Inverse kinematic and dynamic models have been developed in other biomechanical domains, 
such as running and reaching, for example [17,18,19]. These models provide insight into joint 
torques and associated energy transfer. Early work in the field of wheelchair biomechanics 
was completed by Brubaker, who modelled the wheelchair and user as two centres of mass; 
one for the upper body and one for the lower extremities and the wheelchair [20]. This work 
proved that performance is highly dependent on the attributes of a specific user, and that 
wheelchair parameters should be tailored to match these attributes. Energy balance and power 
flow models have been applied to assess upper extremity biomechanics during wheelchair 
propulsion [22]. To provide further insight into muscle forces and joint torques during 
wheelchair propulsion, biomechanical models have been developed, including: a finite 
element model developed by van der Helm [21]; a model of glenohumeral joint kinematics by 
Cooper et al. [23, 24]; generalised limb segment models proposed by Dumas et al. [25, 26]; 
and a generalised model of the upper limb developed by Pennestrì et al. [28]. Furthermore, 
commercially available multibody computational models have been applied with the 
objective of realistically accommodating the complexity of the shoulder, for example [27]. 
These models provide high resolution of three dimensional biomechanics, including dynamic 
effects. However, it is difficult to comprehensively acquire the biomechanical data required 
for these models; consequently their applicability may be limited in practice.  
 
Richter proposed a two dimensional model of biomechanics for the manual wheelchair 
propulsion cycle [29]. This model represents the user and wheelchair as a quasi-static, four 
bar linkage with one degree of freedom (Figure 2). The model allows parametric 
manipulation of user limb lengths, as well as horizontal and vertical seat position. This 
representation is advantageous as it is compatible with the available data on handrim force 
profiles, and provides insight into the peak and transient shoulder and elbow torques, which 
are important for improving athletic performance and injury prevention. Despite the 
advantages of this model, the formulation proposed by Richter is incorrect, resulting in 
erroneous predictions of shoulder torque. This work identifies and corrects this critical error 
and proposes a corrected fundamental model. The capability of this fundamental model is 
extended to quantify joint and net power as a function of push progress.  
 
2. Method 
A quasi-static model of wheelchair propulsion which represents the wheelchair and user as a 
planar four-bar linkage with one degree of freedom was proposed by Richter [29]. This 
model (Figure 2) is extremely useful for providing insight into wheelchair biomechanics.  
 
This work identifies and corrects a critical error in the work proposed by Richter [29]. A 
direct mathematical proof is developed in this work to provide a corrected, fundamental 
model of quasi-static wheelchair biomechanics; this model is confirmed by three independent 
methods (Section 2). This fundamental model is then extended to obtain previously 
unavailable data on joint and net power as a function of push progress (Section 3).   
 
 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 2: Quasi-static wheelchair and arm model based on [29].  
Arm shown at contact angle (solid line) and release angle (dotted line). Angles shown in 
positive direction except as indicated with a negative sign.  
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Figure 3: Quasi-static wheelchair and arm model indicating sense of shoulder and elbow 
torques and wheel angle. Dashed line indicates the arm in the fully extended position 
(push progress = 100%), dotted line indicates arm in initial position  
(push progress = 0%).  Angles shown in positive direction except as indicated with a 
negative sign. 
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2.1 Analytical solution 
The following section develops an analytical derivation of the elbow and shoulder torques 
based on the following assumptions, as defined by Richter [29]: 
• The arm and wheel share a common plane perpendicular to the hub axle. This useful 
approximation is more representative of higher seat positions as shoulder abduction is low.  
• The contact angle, θc, is the wheel angle at which the hand first contacts the handrim. The 
forearm is assumed to be perpendicular to the handrim at the contact angle.  
• The release angle, θr, is the angle of the wheel when the hand releases the handrim. The 
release angle is defined as the wheel angle when the forearm and upper arm are coaxial.  
• The hand is in continuous contact with the handrim between the contact and release angle. 
• The radial and tangential forces are defined as a function of push progress.  
• The dynamic effects of limb mass and wheel inertia are not accommodated. This 
assumption appears valid as dynamic effects are negligibly small in comparison with 
direct forces [30].  
• Shoulder position remains constant through the push cycle. This assumption may be valid 
for some users; however, applicability is compromised if the shoulder position moves 
during propulsion, for example (Figure 1). The magnitude of this error is not explicitly 
assessed in this work, although this effect may be of relevance [31].  
• Progress of the wheel from contact to release angle is defined in terms of the push 
progress and is reported independently of the associated push time. 
• Angular wheel velocity is assumed constant (Section 4). 
 
The following, direct mathematical proof is presented in full to allow the reader to confirm 
the correctness of the proposed fundamental model.  
 
2.1.1 Model angles 
Contact and release angles are calculated from the system geometry based on the assumptions 
described in Section 2.1. These angles are defined as positive in the clockwise direction from 
the vertical axis at the wheel hub (Figure 2). At the contact angle, θc, the forearm is 
perpendicular to the handrim and therefore aligned with the wheel hub. From the law of 
cosines (Figure 2): 
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The contact angle is therefore: 
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At the release angle, θr, the forearm and upper arm are collinear, i.e. the elbow angle, θe = 0, 
therefore (Figure 2): 
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These contact and release angles match those defined by Richter [29].  
 
The wheel angle, θw, can be used to indicate the push progress, PP, as a fraction of the total 
push cycle completed:   
 
( ) ( ) %100×−−= CrCwPP θθθθ  (5) 
 
In order to calculate the shoulder and elbow angles, the distance between the wrist and 
shoulder, a, is calculated as the hypotenuse of a right angled triangle whose shorter sides are 
formed by the horizontal and vertical components of the length from hub to shoulder Lhs 
(Figure 2) and the pushrim radius RHR (Figure 3). 
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The shoulder angle, θs, is calculated as follows:  
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Where θi is the intermediate angle, defined from shoulder to wrist:  
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The elbow angle, θe, is calculated similarly: 
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The initial shoulder, θsi, and initial elbow, θei, angles are calculated by solving for θw = θc  and 
θw = θr , respectively.     
 2.1.2 Shoulder and elbow torques 
For a defined user push force profile, the shoulder and elbow torques are calculated from the 
associated force vector and the position of the limb segments. The angle of the force vector, 
θf, is defined with respect to the handrim; the force angle is defined as zero for an input force 
tangential to the handrim where clockwise rotation is positive.  
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The analytical calculation of the shoulder and elbow torques is made by inspection of free 
body diagrams of the upper arm and forearm. By applying equations of equilibrium, the 
quasi-static shoulder torque, Ts, and elbow torque, Te, are defined as a function of the force 
vector and wheel angle. By inspection of the force vector components, limb angles, and 
wheel angles the elbow torque is: 
 
( ) ( ) ( ) ( ) 0sinsincoscos =+++++−=∑ eswffaeswffaee FLFLTM θθθθθθθθ  (13) 
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Shoulder torque is calculated as follows: 
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(15) 
The elbow torque derived in this work (Equation 14) matches that derived by Richter [29], 
however the shoulder torque does not (Equation 15). The moments about any fixed point 
should sum to zero at all times if the constituent equations are correctly derived. Unlike the 
model proposed by Richter, the sum of moments about the shoulder joint correctly sum to 
zero (Equation 16) for the proposed fundamental model, as required for quasi-static 
equilibrium.   
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(16) 
As a complete mathematical proof is not available, it is not possible to identify the explicit 
error in the work provided by Richter [29]. However, the correctness of the fundamental 
model proposed in this work is corroborated by independent graphical and numerical 
methods.  
2.2 Graphical solution 
The analytical results reveal a discrepancy between the shoulder torque derived in this work 
and that presented by Richter [29] (Figure 5). In the second half of the push progress, the 
shoulder torque reported by Richter is positive, i.e. produced by an anteflexing muscle 
moment (e.g. pectoralis major, anterior part of deltoid) whereas the result of Equation 15 is 
negative, i.e. produced by a retroflexing muscle moment (e.g. latissimus dorsi, posterior part 
of deltoid). This contradiction can be clarified by graphical analysis. The line of action of the 
resultant force at a push progress of approximately 72% passes in front of the shoulder joint 
and is therefore due to a retroflexing muscle moment (Figure 6). This outcome corroborates 
the analytical results proposed in this work. 
 
 
Figure 6: Graphical solution at a push progress (PP) of approximately 72%, Ft and Fr 
from Figure 4. The resultant force passes in front of the shoulder joint and is therefore 
due to a retroflexing muscle moment at the shoulder joint. Nomenclature: Ft = 
tangential force, Fr = radial force, F = resultant force.  
 
2.3 Numeric solution 
Numeric analysis provides an alternative method for estimating the shoulder and elbow 
torques, thereby providing an independent method for validation of the accuracy of the 
proposed fundamental model. For this purpose a parametric model was developed using 
commercial simulation software [41]. The model consists of three rotational joints (Figure 7): 
• shoulder joint allows in-plane rotation only  
• elbow and wrist joints allow in-plane rotation and translate as required to maintain wrist 
contact with the wheel as it rotates  
 
The push force vector is input at the wrist joint, and the shoulder and elbow torques required 
to achieve static equilibrium are calculated (Figure 7). The numeric solution matches the 
obtained analytic results (Eq. 11 and 12, Figure 5), thereby confirming that the proposed 
fundamental model correctly predicts the shoulder torque.  
 
 
 
 
 
 
 
 
 
Figure 7. Left: Numeric model of wheelchair and user.  
Right: Numeric simulation results confirming the results of the analytical model (Figure 
5). Nomenclature: Te = elbow torque, Ts = shoulder torque, θw = wheel angle, Ft = 
tangential force, Fr = radial force, F = resultant force. Torque and rotation sense 
defined as for Figure 3. 
Te  
Fr  
Ft  
өw 
Ts 
 2.4 Input data 
The model input data consists of limb lengths and the radial and tangential components of 
push force versus push progress. To assess the proposed torque equations, the user data 
referenced by Richter [29] was applied to the proposed model: 
• Upper-arm length, Lua = 26.7 cm 
• Forearm length (including half hand), Lfa = 33.3 cm  
• Handrim radius, RHR = 26.7cm 
• Constant length from shoulder to hub Lhs = 60 cm  
• Angle from hub to shoulder, θhs = 0° 
 
The model requires an estimate of the push force vector as a function of push progress. 
Empirical push force data are available in the literature, however, results may be difficult to 
compare due to differences in experimental method, and results differ significantly between 
studies. For example, the observed radial force may exceed the tangential force [29, 32], or 
the opposite may be true [30]. Athletes also show a larger tangential force component in 
comparison with everyday users [4]. It is imperative that the user input data match the 
intended users to maximise the applicability of the model outcomes.  In this work, radial, Fr, 
and tangential, Ft, handrim forces are based on average measurements of five sampled 
wheelchair users who propelled their own wheelchairs on an dynamometer at 1.4 m/s, with a 
resistance equivalent to a 2% (1:50) grade (Figure 4) [29]. 
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Figure 4. Digitised push force data based on [29] (Appendix A).  
F = resultant force, Ft = tangential force, Fr = radial force. 
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3. Results 
The input data defined in Section 2.4 were applied to both the fundamental model developed 
in this work, and the results proposed by Richter (Figure 5, Table 1). Based on the obtained 
simulation results, the elbow torque calculated by Richter’s equation matches that of 
Equation 14. However, the Richter model: does not correctly predict the shoulder torque 
profile; marginally overestimates peak positive shoulder torque and the associated push 
progress; and, differs significantly in the prediction of the minimum peak value.  
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Figure 5. Elbow and shoulder torque. 
Nomenclature: Te = elbow torque, Ts = shoulder torque. 
 
Table 1. Comparison of elbow and shoulder torques. 
  Torque (Nm) 
  Maximum Minimum 
Shoulder 
Richter [29] 16.5 PP = 29.5% 
0 
PP = (0, 100%) 
Eq. 15 16 PP = 12% 
-18.2 
PP = 75% 
Elbow 
Richter [29] 2.7 PP = 8.5% 
-23.9 
PP = 58.5% 
Eq. 14 
2.7 
PP = 8.5% 
-23.9 
PP = 58.5% 
 
Te (Eq. 14) 
Te (Richter [23]) 
2001) 
Ts (Eq. 15) 
Ts (Richter [23]) 
The proposed fundamental model provides an exceptional opportunity to gain insight into the 
fundamental biomechanics of wheelchair and user in a manner that is compatible with readily 
available experimental data. In particular, the fundamental model allows parametric 
manipulation of user and wheelchair data to optimise for parameters of relevance, including 
injury prevention (minimisation of peak forces [1,3,12,30]) and athletic performance 
(maximisation of power output, or propulsion efficiency [12,37]). 
 
Seat position is an important factor in regard to injury prevention and propulsion efficiency. 
Experimental studies indicate that when the wheel hub is moved forward relative to the 
shoulder joint, the push frequency decreases, as does the rate of change in total force [1,3,40]. 
When the vertical displacement of the shoulder relative to the hub is lowered, the total arc of 
wheel travel increases, as does push frequency [1,3,39,40]. However, a very low seat position 
may result in excessive shoulder abduction [3].  
 
The proposed fundamental model has been applied to assess the effect of vertical seat 
position on elbow and shoulder torques. Shoulder and elbow torques have been assessed for 
the scenario of Section 3, with the shoulder position assessed within the range of LHS ± 10 cm 
in 2.5 cm increments (Figure 10). According to these results, for both elbow and shoulder 
torque, increasing the seat height results in: an increase in the magnitude of the peak positive 
torque, and a decrease in the magnitude of the peak negative torque; with the change in 
positive torque being less than the change in the negative torque.  
 
The outcomes of this work indicate that vertical seat position can be used to manipulate the 
relative magnitude of the positive and negative components of the peak torque observed by 
the shoulder and elbow (Figure 10). In terms of injury prevention, this outcome allows 
vertical seat position to be manipulated to avoid injury to a particular muscle group. For 
example, increasing vertical seat position will result in an increase in the peak anteflexing 
muscle moment (e.g. pectoralis major, anterior part of deltoid), and an associated reduction in 
the peak retroflexing muscle moment (e.g. latissimus dorsi, posterior part of deltoid).  
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Figure 10. Variation of torque versus seat position. Upper: Elbow. Lower: Shoulder. 
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4. Extension of the fundamental model to joint power  
If muscle moment and joint rotation have the same sense (i.e. direction of rotation), the 
muscle contracts concentrically and adds power to the system (Figure 8). In the case of 
opposing muscle moment and joint rotation, the muscle contracts eccentrically which takes 
power from the system. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 8. Muscle moments and corresponding terminology, and sense of joint rotation 
and joint power. 
 
The muscle power, P, across a joint equals the product of muscle force, Fm, and muscle fibre 
velocity v (shortening or stretching): 
 
vFP v
vv
•=  (17) 
 
Alternately, the muscle power equals the product of the torque T produced by a muscle about 
a joint and the associated the angular velocity ( θθω &== dtd ) of the limb segment [17]: 
 
ω
vvv
•= TP  (18) 
 
Elbow and shoulder power may be calculated directly from ωe and ωs, respectively. The 
wheel velocity ωw is not constant during the push phase but rather fluctuates to compensate 
for energy losses during the recovery phase (rolling resistance, aerodynamic drag). However, 
as the input variables are expressed as a function of PP rather than as a function of time 
(Section 3), the power was normalised to the wheel’s angular velocity ωw which was assumed 
constant. Figure 9 shows the normalised muscle power versus push progress, PP. In the 
second half of the push phase, energy is taken out of the system by the eccentrically 
contracting shoulder retroflexors, whereas Richter’s model [29] incorrectly predicts 
concentrically contracting shoulder anteflexors. Nevertheless, the graphical solution (Figure 
Anteflexing 
 
Retroflexing  
Extending 
Flexing 
+ 
+ 
- 
- 
Shoulder 
Elbow 
Wrist 
Joint Muscle 
moment 
Joint 
rotation 
Joint 
power 
Shoulder Anteflexing 
(positive) 
+ + 
- - 
Retroflexing 
(negative) 
+ - 
- + 
Elbow Flexing 
(positive) 
+ + 
- - 
Extending 
(negative) 
+ - 
- + 
 
6) clearly shows that the direction of upper arm movement and shoulder torque are opposite, 
resulting in negative power.  
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Figure 9. Normalised muscle power against the push progress,  
showing: (1) concentric contraction of shoulder anteflexors, (2) eccentric contraction of 
shoulder retroflexors, (3) concentric contraction of elbow flexors,  
(4) negligible eccentric contraction of elbow extensor, (5) concentric contraction elbow 
extensor, (6) concentric contraction of shoulder anteflexors based on [29]. 
 
6. Conclusion 
A fundamental theoretical model of shoulder and elbow torques was proposed to predict the 
shoulder and elbow torques required to maintain quasi-static equilibrium based on 
experimentally measured handrim forces. This model is particularly useful, as it is compatible 
with the available experimental data, and provides insight into the associated joint torques. 
This research provides a significant contribution to the existing theoretical models, with the 
following core outcomes:  
• The proposed fundamental model agrees with the elbow torque predicted by previous 
work, but does not agree with the associated shoulder torque. Specifically, it appears that 
previously published work underestimates the peak positive shoulder torque and does not 
correctly predict the retroflexing shoulder muscle moment which occurs in the latter 
stages of the push cycle. This identified error was confirmed analytically, graphically and 
numerically.  
• The model was applied to assess the effect of vertical seat position on joint torques and 
power.  Increasing the seat height increases the peak positive joint torques while reducing 
the peak negative joint torques. A family of feasible joint curves were generated to 
demonstrate the applicability of the fundamental model for design optimisation.  
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• The model was applied to obtain novel data on joint and net power as a function of push 
progress. This outcome provides a significant extension of the model utility by providing 
insight into athletic performance measures which are a function of power transmission. 
 
APPENDIX A                 
By digitising the graphical information on handrim forces [29] a series of data points were 
obtained for tangential, Ft, and radial force, Fr, versus push progress, where x is the push 
progress from 0 (0%) to 100 (100%). A Gaussian distribution (Prony series) was developed 
to provide the following representative equations: 
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